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Regular Polygons ' | _ | ACTIVITY 31 )

Plenty of Polygons
Lesson 31-1 Sum of the Measures of the interior Angles of a Polygom

uTy Notes)

Learning Targets:

® Develop a formula for the sum of the measures of the interior angles of a

polygon.

@ Determine the sum of the measures of the interior angles of a polygon.

SUGGESTED LEARNING STRATEGIES: Think-Pair-Share, Create

Representations, Look for a Pattern, Self Revision/Peer Revision

A polygon is a closed geometric figure with sides formed by three or more

coplanar segments that intersect exactly two other segments, one at each

endpoint. The angles formed inside the polygon are interior angles.

Although it is difficult to measure lengths and angles exactly, tools such as
rulers and protractors allow you to measure with reasonable accuracy.

Work with your group and use the polygons on the next two pages.

1. Use appropriate tools strategically. Measure, as precisely as

possible, each interior angle, and record your results below. Complete (

the table by calculating the indicated sums.
You can draw the polygons using

geometry software. Then use the
software to determine the angle
measures and complete the table.

1st | 2nd | 3rd | 4th | 5th | 6th Total L
Angle | Angle | Angle [ Angle | Angle | Angle

T TPy T T

Triangle

Quadrilateral

Pentagon

2. Compare your results in the table with those of other groups in your

class. What similarities do you notice?

3. Write a conjecture about the sum of the measures of the interior angles

of each of the polygons.
Triangle:

The sum of the measures s [%0°
Quadrilateral:

The sum of $he weasures 'S 360°

Pentagon:

o

The sum of  He weaayres 1w 94O
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Lesson 31-1
Sum of the Measures of the Interior Angles of a Polygon
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ACTIVITY 31 Lesson 31-1

Eontryed Sum of the Measures of the Interior Angles of a Polygon

_Myotes

Knowing that the sum of the measures of the interior angles of a triangle is a

constant and that the sum of the measures of nonoverlapping angles around

a single point is always 360°, you can determine the sum of the measures of
any polygon without measuring.

4. Use auxiliary segments to determine a way to predict and verify the exact
sum of the angles of any quadrilateral and any pentagon. Describe your

. . methods so that another group would be able to replicate your results
To replicate means to duplicate or f
o . . or the pentagon.
imitate. Notice the word replica ‘ 1
contained within the word. In Era w d\'a Q.i’\;z;‘ < ‘6/‘(_) LT V‘.’X"‘QX o ‘6) N
science, experiments are designed | lanaglec, 3I : N W )
so that they can be replicated by L \O"\ = C)Luad, ! ‘a’*e" C”‘/ Two ‘}T(Or\\jlﬁs are
other scientists. GJ\"WYECQ 3 183072 = 360°
| e 5. Use the method you described in Item 4 to answer the following.
a. Explain how to determine the sum of the measures of the interior
§ angles of a hexagon.

\ i ! If\ o hf_XQO‘(.\‘n, Yhere ave '{:(iu.r‘ "’(‘rfthle.g)‘ 1 Y04 =720°

T "

P

b. Explain how to determine the sum of the measures of the interior

G
(r‘ 2) T ! O angles for any polygon.

] Use the formula (h—2)~l%Oc'

6. Express regularity in repeated reasoning. Use the method described

in your answer to Item 5 to complete the table below.

Sum of the
] Polygon oNfug;g:; Calculations rheeai:;zs;i:]:
- Angles 3
Triangle 3 (3-—7.)4%0"’ 130° Z
Quadrilateral 4 ('—} -—2) - 180° 360° Eﬁ
Pentagon 5 (5**2) «|130° H40* ‘;é
Hexagon & <(p"’2-)"' 190° “20° %”
] Heptagon 7 (‘I—Z)“ 1g0° aco° §
Octagon % (%-Z) « 1 %0° foge® “
Nonagon q (q’Z)‘ {%0° 12607
Decagon \C (lO—Z)“ | g0° 144 0°
Dodecagon 12 (lZ—Z) +}30° j%OOO
p-gon . (n-2)- 130"
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Lesson 31-1 7 ACTIVITY 31 )
Sum of the Measures of the Interior Angles of a Polygon & L R contmuea

]

My, mmy

7. Observe in Item 6 that as the number of sides increases by one, the sum

of the angle measures also increases by a constant amount. What type of

function models this behavior?

The ute of c}\anae‘_ 15 c:cxr\S{Zm"\’)'H\ei
finchon  model (5 \inear ol

8. For the first six polygons in Item 6, plot the ordered pair (number of ‘ \
: CIIESIRD) TECHNOLOGY

sides, sum of angle measures) on the axes below. Carefully choose and

label your scale on each axis. Use your graphing calculator to

graph the ordered pairs. Create a

table and then plot the points.
Determine an appropriate scale for

the axes.

V1 200F

vg0d

40

l.2.'3 H'be 7 wn 2

Number o‘(: sn&es

9. The data points you graphed above should appear collinear. Write an
equation for the line determined by these points.

5—:(.\'\—2)0180 o  S=1%0a-260

10. Make sense of problems. State the numerical value of the slope of

the line in Item 9 and describe what the slope value tells about the

relationship between the number of sides and the sum of the measures

of the interior angles of a polygon. Use units in your description.

The slope is i30° The s\opc 4 llc us

b

Yhat each Hime a side s added Yo a ?]3‘ 7]

Yhe sum- the. measures ot m+e)no

angles ¢ pPolyaon e kse
11. If the fdnction S represents thd sum of thlenmeasures ofSthe mﬁrlor angles

as a function of the number of sides, n, write an algebraic rule for S(n).

Write the equation in slope-
intercept form, y =mx 4+ b.

S(n) = [%en-360

12. Compare how the algebraic rule in Item 11 is similar to the slope-
intercept form of a linear equation.

S(n) = 130 n-360

m= 30

b= -360
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ACTIVITY 31 Lesson 31-1
Sum of the Measures of the Interior Angles of a Polygon

COﬂFiﬂued

et ——EESL ) ST

VAN OLEs

Cacd infe "“‘J‘ii J\ G: 13. Use S(n) to determine the value of $(7.5). For this value, explain the
~UC nleyior Ang significance, if any, given that S(n) represents the sum of the angle

) o velq k‘.f Lo |yge . measures of an n-sided polygon.

¥ 3 < J v [ \Jﬂ 1 p Yg

S(7.5) =180-7.5 =99¢*
The Lom Fu“‘ﬂﬁt ‘\/a'ue deec N q‘ mc»k& sense
. Siwce a ﬁ’sure cant hawve 7.5 S.‘i\clﬁ_Sp
14. What is the domain of S(n)?
_ The domain s the se¥ of all whele rumbers
Linear functions have continuous '€D?< Y) Cj‘(‘iu“-\:‘*‘ "H'\an or ecib\a "b ‘H'M’E&.

domains consisting of all real
numbers. However, some contexts

restrict the domain of linear 15. How can you tell by looking at the graph in Item 8 that the function is

functions. If the graph of a linear linear? Explain why the domain is restricted.
model consists of discrete points,

the linear function is said to have a
discrete domain.

—_————

Check Your Understand in_g |

s

16. Determine the sum of the interior angles of a 20-sided polygon.

6) [ (20-2)-130°=3240°

o 17. What is the measure of each interior angle of a regular polygon with
1'7\ (Q:o vz)ﬂ 3G = o | 60 sides?
- 0O i 18. The sum of the interior angles of a polygon is 2340°. How many sides

does the polygon have?

180 13¢
N-2=1% LESSON 31-1 PRACTICE
N+1% 15 <idds 19. Does the rule in Item 11 hold true for various types of triangles? Create
. = a way to prove the rule for a scalene triangle, a right triangle, and an

— isosceles triangle. Start by drawing one of the triangles, tearing it into
three pieces, and rearranging the vertices.

1) Thel vl le_ ha lAS truel 20. Critique the reasoning of others. Denisha states that if you are
L q b4
O lanly Rupe loff drdngie given the sum of the interior angles of a polygon, there is no way to
Jh Jl determine the number of sides of the polygon. Do you agree with

Denisha? Justify your reasoning.

© 2015 College Board. All rights reserved.

2)) h,{}‘_ USQ; W= S Y\)A—SQQ

g 21. Use technology to create a hexagon. Label all angle measures but one.

) - . = .
Exchange figures with a partner and find the missing angle measures in

each hexagon using the rule you created in Item 11. Check answers

22) A sted S 15 A ©Ckigen using technology.
. . '; R v 22. The angle measures of a stop sign are all the same. Determine the
ST = T measure of each angle in a stop sign.
< "l'Sc 'EJJ'\ g P s1g

452  SpringBoard® Mathematics Geometry, Unit 5 ¢ Extending Two Dimensions to Three Dimensions



© 2015 College Board. All rights reserved.

Lesson 31-2 ACTIVITY 31
Regular Polygons and Exterior Angles ' :  contnued

; _,u]} Notes |

Learning Targets:
® Develop a formula for the measure of each interior angle of a regular

polygon.
® Determine the measure of the exterior angles of a polygon.

SUGGESTED LEARNING STRATEGIES: Think-Pair-Share, Create
Representatlons Look for a Pattern, Qu1ckwr1te —

A regular polygon is both equtlateral and equlangular This means that
each mterig}r angleafamegalar a\olwgggnwas thosameanglemeasnne.

s I

1. Complete the table to determine the angle measure of each interior
angle for each regular polygon listed.

\ of a polygon are congruent.

Sum of the Measures of IS .°f :';glt;/iglzt:;aré T;:;:Uael'lﬁz-ides o
Polygon oNfu S":g:; the Interior Angles Eacl}\il;il::nor ' s
(Hegrees) (degrees)
Triangle 3 20 0"
Quadrilateral | 260° q0°
Pentagon 15} 540° jog®
Hexagon ¢ 720° (20°
Heptagon 7 00° J 2%*-5,‘-0
Octagon ? 1030° |35°
Nonagon q |2¢,0° 140"
Decagon 'O {440 iy
Dodecagon |2 1R00° 1I50°
n-gon A IXO(YH ~2)° lﬁng-?—)a
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ACTIVITY 31 Lesson 31-2

ontiAuod Regular Polygons and Exterior Angles

j o §7 NoIes ‘ . . .
7 T‘ I_fl 2. For each regular polygon listed in the table in Item 1, plot the ordered
— pair (number of sides, measure of each interior angle) on the axes below.
i . a Carefully choq;}se and label your scale on each axis.
| o §
[ =
- o et
\N is- 3 o & g
— i u&,il"r" r <
a3 ic I R =
~IET il il il
[ 1 _ 5CT T s e I EE S S S
| T N pon 050 5
| A PR S LU U SRS U RS T P S U
! — ' b 23456 7% 9riiR
| il Numbor of cides
1
| |

3. Make use of structure. The points plotted in Item 2 should not

i ' T appear collinear. Explain how that conclusion could have been drawn
' | ;i ' from the data alone.

B O | Vot Cﬁil\’nm(

4. Ifthe function E represents the measure of each interior angle as a
function of the number of sides, 1, write an algebraic rule for E(n).

() = B

n-Z,
1

N\ 5. Asnbecomes greater, what appears to be happening to the measure of

NNECT: TECHNOLOGY each angle? What causes this behavior?
Use the TABLE or GRAPHING .Dts the  number c‘F _f;iaes bﬁ(‘mﬂ&? C‘Veﬂ"ﬁ’f, "\!’m‘
component of a graphing calculator. Oy )Q measSutre  \acreases cm(,\‘_' G EP(O acheSs
Enter the algebraic function for £(n) ~ . _ )
in y; to explore the measure of | %C' ‘ })Ld’ dOES [§) "' . ‘\‘ \H"Qﬂi Since. ‘M’\a"‘f‘

individual angle measures of a \;\fOui.Cl C«V‘Q_(l'\_& CJ\\ 3%\3\’\‘\' l\‘r\Q mH’W

sides increases.

regular polygon as the number of ,
Yhan o o l‘jf}“”"
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Lesson 31-2
Regular Polygons and Exterior Angles

Exterior angles of a polygon also have a relationship. An exterior angle of a
polygon is the angle formed between one side of a polygon and an extension
of an adjacent side.

Exterior angle

6. Use geometry software to draw a convex pentagon. Extend each side.

7. Use appropriate tools strategically. Use the software to measure
the exterior angles at each vertex. To do this you will need to mark a point
on each ray.

b Angle(KAB)=90°
I Angle(FBC)=70° K
~ i| Angle(GCD)=74°
|| Angle(HDE)=71"
| Angle(JEA)=55°
Angle(KAB)+Angle(FBC)+Angle(GCD)+Angle(HDE)+Anfle(JEA)=360.00°

8. Find the sum of the exterior angles from Item 7. (D

9. Manipulate the polygon to form a convex hexagon. Measure each
exterior angle and find the sum of the measures. 2 Q)Oo

10. Manipulate the polygon to form a convex heptagon. Measure each
exterior angle and find the sum of the measures. 2L 0°

11. Make a conjecture about the sum of the exterior angles of a polygon
with # sides.
| b e Sum D’G ‘H\L Cx—‘arior anales O‘G a
PO ygen with n side 15 =
12. Predict’the sum of the measure of the interior angle of a pentagon and
one of its exterior angles. On what basis do you make your prediction?
Use the software to measure and confirm your prediction.

The sum of the ‘ntensr dnde ande the
cinjle;g “‘orm

ex)re‘)(\‘or ar:SIQ s 180°%; v
a lmaaf pcmr) oY CLS;"Y'O[\B"“{' IYhe .

ACTIVITY 31)
continued

|,
e e
MyNotes)

'MATH TERMS

A polygon is convex if no line

containing a side of the polygon
contains a point in the interior of r'|
the polygon. A convex polygon
has no interior angles greater ]

than 180°,

== |
N 3

/ CONCy

V/
N

B
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ACTIVITY 31 Lesson 31-2
Faret e Regular Polygons and Exterior Angles

yANotes !

13. Use your answer from Item 12 and what you know about the angle sum

of interior angles to further prove your conjecture from Ttem 11.

tntey jor cmglt sum * exterior anﬁ\_e. sumn = 180n

180 (n-2) + exterior angle sum = 1%0n
‘ e—)(-"'é)(\cﬂ’ C{I\(}Ble Sum = ?%On__ ’KOG\*Z
) nferdied = (RUEDAE = 360°
= 0"

‘Check Your Understanding

. \»\ n c ;j ol e 'i" 14, What is the sum of the interior angles of a regular 24-gon? What is the
< Ui p gjﬁ"’ e measure of each interior angle?

15. How does the sum of the measure of the exterior angles of a convex

= " : - '_‘ . . N l ? s .
L) 1A% (BYo'd7e - (d5-2¥-32) polygon differ if the polygon is a regular polygon? Explain

1 1 16. A convex pentagon has exterior angles that measure 70°, 105°, 28°,
i 3des T and 32°. What is the measure of the fifth exterior angle?
/136G | i) = |
o0 T[T T : 17. Each exterior angle of a regular polygon measures 24°. How many
sides does the polygon have? N

134) 2340t (8b) |293J)

LESSON 31-2 PRACTICE

S T
-y 1 = o |90y 4
9 (2’0 2). 18 =l 18. Find the sum of the measures of the interior angles of each regular
2Q polygon.
ort=1G2: a. 15-gon b. 18-gon
S Y8 19. The expression (a — 4)° represents the measure of an interior angle of a i
A 1 : ; . . S
regular 20-gon. What is the value of 4 in the expression? g
m ‘665: 20 b) ldo® | 20. Find the measure of each interior angle of each regular polygon. £
1 7 a. 15-gon b. 18-gon =
:Z.IGLT 260° 2 ‘;j ‘3‘00 © 21. Find the sum of the measures of the exterior angles of each polygon. E
i a. 15-gon b. 18-gon il
721 RBed vl B ok 22. The expression (n + 3)° represents the measure of an exterior angle of a 3
i = 20 = = regular 18-gon. What is the value of  in the expression? 2
A= 23. Construct viable arguments. Emilio said that he drew a regular @
5 : polygon using a protractor and measured one of its interior angles as
C23) Bedadisi 30 (s In '\' 100°. Explain, using what you know about exterior angles, why this
divisible by R cannot be true.
J 24, Use graphing software to draw three quadrilaterals: a square, a
rectangle, and a nonequiangular quadrilateral.
a. Find the measure of each interior angle of each polvgon.
b. Prove that the sum of the measures of the interior angles of each
quadrilateral is the same.
€. Prove that the sum of the measures of the exterior angles of each
quadrilateral is 360°.
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Lesson 31-3
Area and Perimeter of Regular Polygons

Learning Targets:
® Develop a formula for the area of a regular polygon.
® Solve problems using the perimeter and area of regular polygons.

SUGGESTED LEARNING STRATEGIES: Think-Pair-Share, Quickwrite,

Create Representations

Recall that a regular polygon is equilateral and equiangular. An apothem of
a regular polygon is a perpendicular segment from a midpoint of a side of a
regular polygon to the center of the circle circumscribed about the polygon.
The apothem of a regular hexagon of side s is indicated by a in the diagram.

1. Consider the tabletop template of the regular hexagon shown below.

a. Draw all radii from the center of the circumscribed circle to each
vertex of the hexagon.
b. What is the measure of each of the central angles formed by the

radii? Explain how you arrived at your answer. C,C) A i r‘c\b

has 20 there are Six cental ang e—S 30"

¢. Classify the triangles formed by the radii by their side length
Measure to verify your answer. glt\u o:\‘eml i aJ’\j\e-S

d. How is the apothern of the hexagon related to the triangles formed by

theradii? T4 5 ‘Yhe ‘\els}\'\” 6t te é’ztulla‘lml Y :1)‘“

e. Find the area of a regular hexagon with side length 4 ft. Show the
calculations that lead to your answer.

24{3 G(z.g:)@”_ )Wr
L %r?;nﬁli‘.?

= Q)

ACTIVITY 31 J
conwntied

|k_ jfotes (L=

NeTE:  The| apolthe g |
DOES N1 ewleind from

AR

E
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ACTIVITY 31
continued

RIVVIINOLE ST

e —f—- J

Lesson 31-3
Area and Perimeter of Regular Polygons

Now you can use what you discovered in Item 1 to generalize the formula to
determine the area of any regular polygon.

2. Express regularity in repeated reasoning. Refer to the diagrams
of the regular polygons shown.

a. How many triangles are formed when the radii are drawn from the
center of the polygon to each of the vertices of the polygon with
n sides? N

b. What is the measure of each of the central angles formed by the radii
of the n-gon? Explain how you arrived at your answer.

5——%2'}_; divde 2¢0° bu) 0 radii

¢. Classify the triangles formed by the radii by their side length. Verify
your answer.

sesceles Hiun les;” Hhe radii of He cile
3 avz Co r\3 uent

d. Write an expression that finds the area of one triangle in an n-gon,
using a to represent the apothem and s to represent a side of the n-gon.
Then use the expression to write a formula that finds the area of the
entire 71-gon, where n represents the number of sides of the n-gon.

Las; A=Llasen

© 2015 College Board. All rights reserved.

e. Explain how to determine the perimeter of a polygon, P.
Mu P ‘j the  Side \ﬁ"\fﬁ’}\gJ S, b‘ﬁ the number sf
f. Write a formula that can be used to calculate the area of a regular

n-gon with apothem length a and perimeter P, by substituting P in
the formula you wrote in part d.

A=%aPp
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Lesson 31-3
Area and Perimeter of Regular Polygons

ExampleA

Calculate the area of a regular octagon with side length 8 inches.
Step1:  Find the apothem.

Draw the apothem, Qs.
The length of QS is a.

Since the polygon is a regular

octagon,

m/PQR = 3680° — 45°,

So, mZSQR = 22.5°

Use trigonometry to find a:
% = tan22.5°, so a = 9.7 in.

Step2:  Find the area. A= %(JP
- %(9.7 in.)(8)(8 in.)
= 3104 in”

Solution: The area is approximately 310.4 square inches.

Try These A

a. Calculate the area of a regular pentagon with side length 12 m.

A= % (6 mns4) (o)
AY 247,75 m”

b. Find the area of a regular hexagon with 18 cm sides.
a=9{zcm A= J{(Gi-ﬁxmg)
Peiofem  px g4) T8em®

¢. Reason quantitatively. Find the perimeter and area of regular
polygon ABCD with vertices A(7, 8), B(9, —1), C(0, —3), and D(—2, 6).

‘Per{md*e,r = L\\,%g urits

. ACTIVITY 31

continued

12 {2

D

=%.25829

e
Vi
0>
)

= 2
area = B35 units
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|
' ACTIVITY 31 Lesson 31-3
|

continLed Area and Perimeter of Regular Polygons

| Mydotes =
3) Rof-(od- 0“’l aSUPENE Check Your Understanding
_“Zl) P £sin Y S=1S i‘l ‘_9—4;3:’«’;1 a 3. The properties of what type of triangle can be used to determine the
= ot gz’ D apothem in a regular hexagon?
S\l et 4. Write a formula that can be used to determine the perimeter of a
S regular n-gon.
i~ = Y edf =
- ) a (\ a € i‘~5 )(‘ -5 5. Find the area of a regular octagon with 7-inch sides.
PL Hea linkhds
: 6. Seth states that the radius of a regular polygon is never less than its
A= 1t apothem. Do you agree? If so, provide justification. If not, provide a
* 236, & in
counterexample.
(.,\) V€:>}. Yne yadius |is Whe |
§prenuse of 2 |-
¢t dxiangle land e | LESSON 31-3 PRACTICE
o g\c ,hzn;. 3 ‘\&% £ 7. Determine the perimeter and area of the regular dodecagon.
| WAe "‘Tﬁ_ﬁa -\nhh The h_ﬂ tenuse D = O
1S dlwawsd| Hre | lorpestt 1c P=2HCcm
Side 4t ol J’l"um;;gr‘r o if dan 75° = &
Chnl he vy At eder] Wan \G

==

e i | o dhe e Vo . \
Sides: : A= lp:(lO"“h‘:th 75‘)(2.“0)

| A=44T79 cm”

20 cm

= 2c) (ken G1E°

Pl 8. Make sense of problems. A manufacturing company is making a
b= 126 design for an octagonal hazard sign. Each side of the sign measures

40 in. What is the area of the sign?
\ 9. Find the area of regular polygon QRST with vertices at Q(1, 3), R(5, 0),
‘ﬂ 2H uhids S(2, —4), and T(-2, —1).

10. Find the area of a regular pentagon with a radius of 8 cm.

~

10) 152 cint

' Cos 4= 2
1AM ]
7 X=4%. 70228
P=75.2%5¢cm

A= 152em”
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